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WEAK CONVERGENCE OF THE AREA OF
NONPARAMETRIC L, SURFACES
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ABSTRACT. The main purpose of this work is to obtain an analogue to a
theorem of L. C. Young on the behavior of the nonparametric surface area
of continuous functions. The analogue is for L' functions of generalized
bounded variation. By considering arbitrary Borel vector measures and
kernels other than the area kernel, results concerning the weak behavior of
measures induced by a class of sublinear functionals are obtained.

0. Introduction. The classes BVC and ACC of continuous functions over
the open unit cube Q in R™ have been extended to the classes BV and AC of
L! functions by use of the existence of certain types of distribution deriva-
tives. Namely, if the distribution derivative is given by a finite Borel vector
measure, the function is of bounded variation. If in fact the derivative is given
by a function (i.e., the measure is absolutely continuous with respect to
Lebesgue measure) the function is absolutely continuous. A natural question
then becomes: Which properties do these wider classes share with the
continuous classes?

Here we consider a theorem concerning the behavior of the continuous,
nonparametric surface area of surfaces in BVC given by L. C. Young, [6], in
1944; and develop an analogue behavior in the class BV for the generalized
surface area as in [6].

In the classic area formula for 4ACC (R?) functions, if the partial derivatives
are replaced with difference quotients, a formula results which can be applied
to any function in BVC:

A“B=ff l+[ f(x +a,p) = f(x,9) ]2

a

_ n /2
+[ f(x,y+Bl; f(x,y)] & dx.
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The question then becomes: How does Aaf approximate the area? Is the area
lim, 5 oA4aB?

L. C. Young shows the answer is no, and gives necessary and sufficient
conditions for the answer to be yes. (Compare with Saks [1, p. 182].) His
condition is that there must be a Borel partition of Q into two sets 4, and 4,
so that off A4, the function is absolutely continuous in the variable x; for
almost all fixed values of the other variables.

For the generalized class AC there is a similar area formula

do?  da? 172
fQ (l + —dT: + Tif) dL
where (a;, a,) is the distribution derivative measure of f and da,/dL is the
general derivative [1, p. 106] of a; with respect to Lebesgue measure L.

Following Young, we want to replace the derivatives with “difference
quotients” for these derivatives and find necessary and sufficient conditions
for the limit to be the area when applied to a function known only to be in
the class BV.

A precise statement of the result is Theorem 6 in §5 of the paper and
requires a lot of development of notation. However the necessary and
sufficient condition simply stated is a direct analogue of Young’s condition.

The area will be given as the limit if and only if the cube Q can be
partitioned into sets A4, ..., 4,, so that off 4; the ith component of the
distribution derivative measure is absolutely continuous.

By considering arbitrary Borel vector measures and kernels other than the
area kernel, the results of §1 through 5 are results concerning the weak
behavior of measures induced from vector measures by a class of sublinear
functionals.

1. The integral average of a measure. In this section we make precise the
idea of “difference quotient” for a measure by introducing an averaging
process for measures which is an analogue to taking the integral average of a
function.

For notational convenience we introduce the following definitions and
conventions.

(1) L will always denote Lebesgue measure.

(2) M will always denote the collection of all finite Borel measures on the
open unit cube Q in R™.

(3) For each h > 0 let Q, = XT.,[0, h] be the closed k cube in R™, and let
K,(x) = xp,(x) + h™ (where x indicates the characteristic function).

(4) By k[ , ] we denote a mapping from M X R* into the continuous
functions from R™ into R given by
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k[0, h](x) =LmK,,(y — x) do(y).

Note that «[a, h](x) = ol,(x)/ LIL,(x) where I,(x) is a cube of side length
h containing x. Thus it is k[o, A](x) which corresponds to the difference
quotients for functions. Further, as 4 tends to zero, by Lebesgue’s theorem [1,
p. 115], we have that for almost all X, lim,_,k[a, h)(x) = do/dL.

(5) u[, ] will denote a mapping from M X R* into M given by

#lo R(E) = [ [0, K](x) dL(x)

for each Borel set E.

Similar constructions can be found in [4, p. 167], with continuous kernels
K,.

If ¢ is supported inside Q then p[o, ] is supported inside an h-neigh-
borhood of Q. Further, for h > 0, p[o, A}(R™) = a(R™); since

plo.h)R™) = [ [ Ki(r = x)do(y) dL(x)
= [ [ Ki(x =) dL(x) do(»)
R™JR™

= [ hmhm do(y) = o(R™).

RM

As h tends to zero, supports for p[o, 4] tend to Q and we have
lim [0, K](Q) = o(Q).

A sequence of measures g, converges weakly to a measure o if for each real
valued continuous function f of compact support we have [f do, — [f do. For
probability measures this is equivalent to lim inf,6,(G) > o(G) for each
open set G [2, p. 11]. This equivalence will also hold if o, are positive and
lim,0,(Q) = o(Q).

THEOREM 1. As h tends to zero in R™, p[o, h] converges weakly to o.

PrOOF. See [4] and replace “uniform convergence” with “dominated
convergence” in the proof of Theorem 4.

This averaging process is extended to n-dimensional vector measures in
X7_1M as follows: p[,]: X7 M X X7_,R, - X7.,M is defined for each
G=(c,...,0"in X"_,M and vector h = (h, ..., h")in R by u[5, h] =
Sn_ nlo’, hile, where {¢;} is the standard basis for R” and p[o’, h'] is as in
definition (5) above.

COROLLARY TO THEOREM 1. As h tends to zero in RY, plo, h) converges
weakly to a.
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2. The 9-variation of a measure. Given a vector measure ¢ = (d', ..., 0")
in X”_|M and a sublinear functional ¥ on R”, Goffman and Serrin [4]
obtain a scalar measure Jo in much the same manner as the total variation is
defined. We shall state the basic definitions and list three useful theorems
from [4] as lemmas.

(6) DEFINITION. J: R™ — R is a type-A functional on R" if it satisfies:

@ I(x+y) < I(x) + I()

(b) J(ax) = a¥(x) for positive scalars a.

(c) There is C > 0 so that for every p in R" we have |J(p)| < C|p||;
[l || = Euclidean norm.

Note 9 is continuous.

(7) DerINITION. For a type-A functional 9 on R” and 6 € X[\ M we
define the 9 -variation measure of ¢ to be given by

J6(E) = sup[ >, 9 © 6(F): = is a finite Borel partition of E }
Fen

LemMA 1. Fora LB and i = & + B we have I = Fa + JB.

LEMMA 2. Let o(E) = [ga dv + E (E) be the Lebesgue decomposition of o

with respect to the positive measure v; then [T o ady + B (E) is the
Lebesgue decomposition of G with respect to v.

LemMA 3. If § is a positive type-A functional and {6, } converges weakly to o,
then for each open set G we have lim inf, 50, (G) > 946(G).

COROLLARY TO THEOREM 1. As h tends to zero in R™*, u[o, h]* and p[o, h]~
tend weakly to o* and 6~ respectively.

Proor. Since p[o, h] converges weakly to o, it suffices to show that | u[o, A]|
converges weakly to |o|. But by Lemma 3 we have for each open G
lim inf| p[ 0, R]|(G) >|0|(G);
hence we need only show lim sup | u[e, h]|(R™) < |o|(R™). But,

|ulo RIR™) = [ [0, K1) dL()
< fR [ lo], 1](x) dL(x) = p[[o], R](R™).

Given € X'_ M, h € R’ and J as above we denote by p[J; 5, h] the
measure given by [;5 ° k[a, h)(x) dL(x). _

Note that the two “different” measures u[F; 7, ] and Ty[o, h] are in fact
the same. To see this note that the Lebesgue decomposition of p[o, h] is given
by [gk[o, hl(x) dL(x) + O(E) where O = zero measure. Hence by Lemma 2
we have that the decomposition of Ju[a, A] is given by
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[9 < k[3,B](x) dL(x) + TO(E) = p[F3 5, K](E).
E

In general the measures Spu[a, 4] do not converge weakly to Jo in higher
dimensions; however, for scalar measures we do have weak convergence.
More precisely we state:

THEOREM 2. Let ¢ € M and (h,) be a sequence of positive real numbers
converging to zero; then for any nonnegative type-A functional & on R we have
Sula, k] converges weakly to 96.

PrOOF. The only such & are characterized as

T(p) = pI(1) forp > 0,
() = -pJ(=1)  forp <O.

Put ¢, = p[o, ). By our Corollary to Theorem 1 we have that 9 (g,)* =
J(1)o)* and F(—0,)” = F(—1)(—0,)” converge weakly to T(I)e* =
Yo+ and J(—1)(—07) = I(—0") respectively. But o," Lo, and 6* Lo,
so by Lemma 1 we have

Yo, = I(of — o) = Jo, + I(—0;)
converges weakly to Jo* + F(—07) = J(6* — 07) = Jo.

3. The lim sup formula. Our main concern with the measures Jp[a, il-] is
their weak behavior as / tends to zero. To this end we shall develop a formula
for the lim sup of Jp[o, h] as h tends to zero. This will require a refinement in
the class of functionals considered.

DEerINITION. Each type-A functional § on R” induces a type-A functional
5on the ith coordinate axis (i.e., on R) via the following:

Ji(p) = 9, . ..,0,p,0,...,0)
where p is in the ith place.
By the sublinearity of J, for each (p, ..., p") we have
n
J(pY...,p") <X Ti(pY).

i=1
We shall say that 9 is a #ype-A* functional if in addition for all p =
(p's...,p" andi=1,...,n we have I(p) > Tp’). Denote by @*(R")
the nonnegative, type-A* functionals on R”.

THEOREM 3. Let 6 € X"_ M,5 = (d',...,06") and T € @*(R"). For each
i, let B; be the singular part of the decomposition of o; with respect to L. Then
the following formula holds:

im sup Tu[5, £1(@) = [T« % (L + 3. T6,(0).
h—0 =
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PRrOOF. Let (I;,‘) be an arbitrary sequence tending to zero in R’;. By using
the summability of 9 © do/dL, Eggroff’s theorem and the singularity of °8;
and L, we can define inductively a sequence of sets { E;} having the following
properties:

() L(E) < 1//.

() fgT ° (do/dL)dL < 1/j.

(A E, CEforj=12,....

4 On Q — E, «[o', h] converges uniformly to do’/dL for each i =
L...,n

(5) For every Borel set S and all j we have 38,(S) = 9'8(S n E).

PART I (lim sup < formula). For each j we have

Tu[5, i ](Q) = f K3 k] (x) dL +f «[ @ k] (x) dL.

Let 1, and I, denote the first and second terms respectively. First consider the
integral J,. By the A* property and definitions of 5/ we get

® L <2 ST B0y aL + 2 J 15 hi)) dr

where o; < L, ,B L L is the Lebesgue decomposition of o;. Since a; < L, the
expressxon k[T, h{](x) is the integral average of the summable function
5%, /dL. Thus as k — co this converges in L' to d 5%, /dL. Hence

lim sup f o, b] dL = T'(E;).
Applying Theorem 2 from (*) we conclude that
(+%) limsup I, < X 5,(E;) + 2 9B,(Q).

On Q - E, «[o, h,] converges uniformly to do/dL and ¥ is bounded, so by
the bounded convergence theorem we get:

. do
CO) limsup I, <[ 9 o == (x)dL.
1 j;? dL( )

Letting j — oo and noting that &' ’a,-(Ej) — 0 (*#) and (###) give Part I.

PART II (lim sup > formula). Only the case n =3 will be shown, the
general case being the same.

Let h = (1/k, 1/k, 1/k). Given an integer m and e > 0, there exist
integers j,, j, and js, k;, k,, and k; so that m < j, < j, < ja, m < k; < k; <
ky and
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o

. G ok[ay, 1/k ] dL > T'B,(Q) — ¢,

f 52 o k[ 0y, 1/k,] dL > F2B,(Q) — &,
E}z_EJ)
fEﬁﬂ o k[ 05, 1/k;] dL > FB,(Q) — .

J3
To establish this recall that we know that [J"e k[s;, 1/k;]dL converges
weakly to 3%,. Whence on the open sets E;, we have

lim inf f Tiox[a, 1/k] dL > To,(E) > TB,(E) = TB,(Q)-

There is an integer k;(E,) so that k > k; implies that
ff:T"o k[0, 1/k] dL > TB,(Q) — .
E

J
Given m take j, > m + 1, choose k; = k,(E;) + m. Then
f G o k[ oy, 1/k,] dL > 5'8,(Q) — e.

But for this fixed k,, the integrand is summable so there is an integer j, > j;
for which L(E,) is sufficiently small to make

G ok[a, 1/k;]dL > F'B,(Q) — &
E,~E

J J2

Choose k, > ky(E;) + m + k;; then

fE T o [0y 1/k,] dL > 526,(Q) — .

There is an integer j; > j, for which L(E)) is sufficiently small to ensure that

o k[0, 1/ky] dL > T?B,(Q) — .

Ej,~ Ej,

Fix ky > ky(E;) + m + k,. Now put k% = (1/ky, 1/ky, 1/ k),
Sula, k2](Q) = + + + .
”[o ](Q) J‘Q"Ejl E,-E, Ejz-Ej: ];js

But (p?) < I(p',...,p") fori=1,...,n so replacing J ° «[5, h*] by
smaller integrands in each integral we obtain:
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Jp[o, k"‘ (Q) >f °K o, k* dL +~l;2~—£-631 o k[oy, 1/k,] dL

+f T o k[ o, 1/k2]dL+f 3 o k[ 03, 1/ky] dL

E;
>26‘/3(Q)+f o k[, k3] dL - 3e.
i=1
Again on Q — E; we have uniform convergence, and we get
lim inf T[ &, k3 ](Q) > formula — 3 — 1/j.
The existence of such a sequence {k?} establishes Part II.
4. The necessary and sufficient conditions. For § € @*(R") we can now
establish necessary and sufficient condmons for lim Jp[o, h] to exist and give

9Ja. We first give an easy condition on J; and then, restricting our attention
to the Euclidean norm, obtain a deeper condltlon on the measure o.

THEOREM 4. Let § € @*(R™) and 6 € X}_ M. Then Jy[o, h)(Q) conver-
ges to 35(Q) if and only if TB(Q) = =, TB(Q), where B = (By, . . ., B is
the singular part of a.

ProOF. By Theorem 3, Lemma 2, and Lemma 3, we have:
do ~ - .. - -
fQGJ o SEAL+ B (0) = T5(Q) <llr;:glf§u[o,h](Q)

<lim sup Iu[s, h](Q)

h—0
=S qra+ 2 T6,(Q).

If in Theorem 4 we replace § with the Euclidean n-norm, |] |l, we then have:
Jollk[3, A(x)|| dL converges to [|5][(Q) if and only if | BII(Q) =
251 BIQ)-

This yields the equivalent condition on B:

THEOREM 5. Let B € X"_,M; then for every Borel set E, || B||(E) =
2| BI(E) if and only if for i # j, B; L B;.

REMARK. Since || 8|| and I| B are both measures, equality on each E and
on Q is the same in light of the inequality || ]| < | Bil.

PROOF. Suppose for every Borel set E, || B I(E) = Z| BI(E).

(Special Case) n =2, B; > 0. Since B < || B]|, there is a Radon-Nikodym
derivative dB/d||B|| = (dB,/d||Bll, dB,/d||Bll) which has modulus 1
everywhere [3]. Hence d|| 8l/d| BI| =Iid,/d|l Bll, dB,/d|| BIDI =1. But
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I BICE) = Bi(E) + By(E) implies that except on a set S, of || B || measure
zero,

—( )+ ——=(x) =
4| dllﬁ II "IIBII IB II

which can happen if and only if one term or the other is zero.
Let 4, = {x|dB,/d|| B|| = 0} = Sp, 4, = {x|dB,/d|| B|| = 0} U S, Since
Bi4) = fA,(dBI/d" B4l .3" =0and

()

m)=f, «4|/3|| S 7]

and @ = 4, U 4, we conclude that 3, 1 3,.

For B, signed we note that singularity of §; and B, is equivalent to | 8| and
| B] reducing to the nonnegative case. For n > 2, note that I|B|(Q) =
I BII(Q) < [II(B1, Bl + Z5| B|(Q)] reducing to n = 2 case.

That the singularity of the components implies the equality of the measures
is an easy consequence of the Jordan decomposition of Q relative to the Bs
and the triangle inequality.

5. The area of a nonparametric surface. Let f be an L, function on the open
unit cube in R” of type BVT. Then we associate with f two vector measures ¢
and ¢*, where ¢ is the n-dimensional derivative measure of f and o* is the
(n + 1)-dimensional measure formed by adjoining Lebesgue measure L as the
first component [i.e., 6 = (0}, . . . , 0,) implies that 6* = (L, 0}, . . ., 0,)].

It is known [4] that the generalized surface area of f over Q is given by
llo*|I(Q) and that the partial area is given by ||5]/(Q). By Lemma 2 we have
that |a]l(Q) = [oll@(X)Il 4L + || BI(2), lI6*[I(Q) = [olle* (]| dL(x) +
|| B*|I(Q) where B and B* are the singular parts of & and o*, respectively. We
are now in a position to prove the analogue to L. C. Young’s theorem.

THEOREM 6. Let f be an L, function on the open unit cube Q in R" of type
BVT and let 0 = (0, . . . , 0,) be its distribution derivative measure. For each i,
Iet B be the singular part of the Lebesgue decomposition of o,. Then Area(f) =

_ill 1IG*, AI(Q) iff for i # j we have B, L .

Proor. This follows from Theorem 5 and our dlscuss_i_on above.
ReMARK. Note that Partial Area(f) = lim;_g|| u[o, A]||(Q) under the same
conditions.
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